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CONFORMAL IMMERSION OF RIEMANNIAN PRODUCTS IN
LOW CODIMENSION
FELIPPE GUIMARÃES AND BRUNO MENDONÇA
Abstract. We proved that a conformal immersion of Mn0
0
×M
n1
1
as an hy-
persurface in a Euclidean space must be an extrinsic product of immersions,
under the assumption that n0, n1 ≥ 2 and that M
n0
0
×M
n1
1
is not conformally
flat. We also stated a similar theorem for an arbitrary number of factors,
more precisely, a conformal immersion f : Mn0
0
× · · · ×M
nk
k
→ Rn+k must be
an extrinsic product of immersions if one of the factors admits a plane with
vanishing curvature and the remaining factors are not flat.
The simplest way to constructing an immersion of a Riemannian product mani-
fold into a Euclidean space is to take an extrinsic product of immersions, that is, a
product of immersions of each factor of the product manifold. A natural problem
in the submanifold theory is to provide sufficient conditions for an immersion of
a Riemannian product to be decomposed as an extrinsic product, and there are
plenty of works in this subject, for instance, [7, 2, 6, 1, 9, 5, 14, 12]. Some of them
ask for intrinsic proprieties to decompose an arbitrary manifold, without the ini-
tially assumption that is already a product, in structures even more general than
Riemannian products, as in [13, 15].
In low codimension, it turns out that there is not enough space to the immer-
sion of a Riemannian product manifold to be very complicated. Moore, in his
outstanding work [9], showed that an immersion of a Riemannian product must
be an extrinsic product when the factors are not flat and the codimension is the
minimal possible. More precisely, he showed that
Theorem 1 (Moore [9]). Let f : Mn → Rn+k be an isometric immersion of a
Riemannian product manifold Mn =
∏k
i=0 M
ni
i , where n =
∑k
i=0 ni and ni ≥ 2
for all 1 ≤ i ≤ k. If the subset of points of Mnii at which all sectional curvatures
vanish has empty interior for all 1 ≤ i ≤ k, then Mn00 is flat and f(M) is an open
subset of a n0-cylinder over an extrinsic product of hypersurface immersions.
The first step of his proof was to reduce the question to one of algebraic nature
by proving an extrinsic decomposition De Rham type theorem. In the conformal
realm, Tojeiro [14] proved an analogous theorem. In short, the mentioned works
of Tojeiro and Moore was the main motivation of this paper. We adapted the
technique used by Moore to obtain the following theorem:
Theorem A. Let f : Mn → Rn+1 be a conformal immersion of a Riemannian
product manifold Mn =Mn00 ×Mn11 , where n = n0 + n1 and ni ≥ 2 for 0 ≤ i ≤ 1.
If Mn is not conformally flat at any point, then one of the following holds
(i) There exist an extrinsic product f˜ : Mn → Rn+1 of isometric immersions,
a homothety H of Rn+1 and an inversion I in Rn+1 with respect to a unit
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sphere such that
f = I ◦H ◦ f˜ .
In particular, one factor is flat.
(ii) After possibly relabeling factors, there are isometric immersions f0 : M
n0
0 →
H
n0+s0
−c and f1 : M
n1
1 → Sn1+s1c such that s0 + s1 = 1 and
f = Θ ◦ (f0 × f1),
where Θ: Hn0+s0−c × Sn1+s1c → Rn0+n1+1 is a conformal representation of
Rn+1. In particular, one factor has constant and nonzero curvature.
When the number of factors increases, the existence of the immersion in the
minimal codimension imposes strong restrictions to the manifoldMn (See Theorem
C in Section 3). Thereby, we had to add a hypothesis to obtain a more interesting
theorem. Namely,
Theorem B. Let f : Mn → Rn+k be a conformal immersion of a Riemannian
product manifoldMn =
∏k
i=0 M
ni
i , where n =
∑k
i=0 ni and ni ≥ 2 for all 0 ≤ i ≤ k.
If the subset of points of Mnii at which it is flat has empty interior for all 1 ≤ i ≤ k,
and at all points in Mn00 there is an plane with vanishing sectional curvature, then
one of the following holds
(i) There exist an extrinsic product f˜ : Mn → Rn+k of isometric immersions, a
homothety H of Rn+k and an inversion I in Rn+k with respect to a sphere
of unit radius such that
f = I ◦H ◦ f˜ .
In particular, Mn00 is lat.
(ii) There are isometric immersions fi0 : M
ni0
i0
→ Hni0 +si0−c and fi : Mnii →
Sni+sici , for i ∈ {0, · · ·k} \ {i0}, such that
∑k
i=0 si = 1,
∑k
i=0,i6=i0
1
c2
i
= 1
c2
and
f = Θ ◦ (f0 × f˜) ,
where Θ: H
ni0 +si0
−c × Sn+k−ni0c → Rn+k is a conformal representation, and
f˜ :
∏k
i=0,i6=i0
Mnii → Sn−ni0−si0 +kc is an extrinsic product. In particular,
Mnii has constant and nonzero curvature, for all 1 ≤ i ≤ k.
1. Preliminaries
We will establish some notations and give some definitions used in the previous
works in this subject. We will use a decomposition theorem due to Tojeiro, an alge-
braic tool called flat bilinear forms due to Moore and the light-cone representative
of conformal immersions.
1.1. Extrinsic decomposition of conformal immersions. Lets consider an iso-
metric (conformal) immersion of Riemannian products into the Euclidean space
f : Mn =
∏k
i=0 M
ni
i → Rn+p, with n =
∑k
i=0 ni. We say that the second funda-
mental form αf of f is adapted to the product net of Mn if αf (Xi, Xj) = 0, for all
Xi ∈ TMi such that i 6= j. The notion of adapted can be extend to a decomposition
of the tangent space, depending on the structure of this decomposition we will have
warped products, or more general structures as the partial tubes (see [13], [3] and
[11] for more details).
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We say that f is an extrinsic product if f = f0 × · · · × fk, where fi : Mnii →
Rni+pi are isometric immersions and
∑k
i=0 pi = p. For an isometric immersion
in the sphere, g : Mn =
∏k
i=0 M
ni
i → Sn+pc , n =
∑k
i=0 ni, we also will use the
term extrinsic product when g = h ◦ (g1 × · · · × gk), where gi : Mnii → Sni+sici are
isometric immersions and h :
∏k
i=1 S
ni+si
ci
→ Sn+p is the natural inclusion such that∑k
i=0
1
c2
i
= 1
c2
and
∑k
i=0 si = p− k + 1.
We can now state the decomposition theorem that we will make use in this work:
Theorem 2 (Tojeiro [14]). Let f : Mn → Rn+p, n ≥ 3, be a conformal immersion
of a Riemannian product manifold Mn =
∏k
i=0 M
ni
i , where n =
∑k
i=0 ni. If the
second fundamental form of f is adapted to the product net of Mn, then one of the
following possibilities holds:
(i) There exist an extrinsic product f˜ : Mn → Rn+p of isometric immersions,
a homothety H of Rn+p and an inversion I in Rn+p with respect to a unit
sphere such that
f = I ◦H ◦ f˜ .
(ii) After possibly rearranging the factors, there is an isometric immersion
f0 : M
n0
0 → Hn0+s0−c and isometric immersions fi : Mnii → Sni+sici , 1 ≤ i ≤ k,
such that
∑k
i=0 si = p− k + 1,
∑k
i=1
1
c2
i
= 1
c2
and
f = Θ ◦ (f0 × f˜) ,
where Θ: Hn0+s0−c ×Sn+p−n0−s0c is a conformal representation, and f˜ = f1×
· · · × fk :
∏k
i=0 M
ni
i →
∏k
i=1 S
ni+si
ci
⊂ Sn+p−n0−s0c is an extrinsic product.
1.2. Flat bilinear forms. Following the ideas of the article [9], we will use some
results about flat bilienar forms, which we will define next. LetW p,1 be a Lorentzian
vector space of dimension p+ 1 endowed with a indefinite inner product 〈·, ·〉 with
index 1. Let V be a finite dimensional vector space. A bilinear form β : V × V →
W p,1 is said to be flat if
(1) 〈β(W,X), β(Y, Z)〉 − 〈β(Y,X), β(W,Z)〉 = 0,
for allW,X, Y, Z ∈ V . Flat bilinear forms were introduced by Moore in [10] to study
isometric immersions of the round sphere in Euclidean space in low codimension,
and was used afterwards in several papers about isometric rigidity (see [4] and [11]
for more information).
Denote the nullity of β by N (β) = {X ∈ V : β(X,Y ) = 0 for all Y ∈ V } and the
span of β by S(β) = span {β(X,Y ) : X,Y ∈ V }.
1.3. The light-cone representative. Let Ln+2 be the (n+ 2)-dimensional Min-
kowski space endowed with a Lorentz scalar product of signature (+, · · · ,+,−),
and let Vn+1 =
{
x ∈ Ln+2 : 〈x, x〉 = 0} denote the light cone in Ln+2. Then En =
Enw =
{
x ∈ Vn+1 : 〈x,w〉 = 1} is a model of n-dimensional Euclidean space for any
w ∈ Vn+1. Namely, choose x0 ∈ En and a linear isometry A : Rn → span{x0, w}⊥.
Then the triple (x0, w,A) gives rise to an isometry Ψ = Ψx0,w,A : R
n → En de-
fined by Ψ(x) = x0 + A(x) − 12‖x‖2w. In view of this, any conformal immersion
f : Mn → Rn+p with conformal factor ϕ ∈ C∞(M) gives rise to an isometric im-
mersion F : Mn → Vn+p+1 given by F = 1
ϕ
Ψ ◦ f. The isometric immersion F is
called the light cone representative of f .
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In this work we will make use the expression of the second fundamental form of F .
The normal bundle T⊥F M of F decomposes orthogonally as T
⊥
F M = dΨ(T
⊥
f M)⊕L2,
where L2 is the Lorentzian plane bundle spanned by the position vector F and the
vector ζ = ϕw − d(Ψ ◦ f)(gradϕ−1). The second fundamental form of F splits
accordingly as
(2) αF (X,Y ) = ϕ−1dΨ(αf (X,Y )) + ϕHessϕ−1(X,Y )F − 〈X,Y 〉 ζ,
where Hess and grad are calculated with respect to the metric 〈·, ·〉f induced by
f . Note that ‖ζ‖ = 0 and 〈F, ζ〉 = 1. It is also important to point out that if αF
is adapted, then αf is also adapted. We refer the reader to [8] or [11] for further
details.
2. Proofs
Lets suppose that U0 × U1 ⊂ Mn00 × Mn11 is an open subset where for every
x = (x0, x1) ∈ U0 × U1 and for every pair of planes V 20 ⊂ Tx0M0 and V 21 ⊂ Tx1M1,
the sum of the curvatures of V0 and V1 is zero, that is K0 + K1 = 0, where Ki
is the sectional curvature of V 2i . Then, fixing x0 ∈ U0 and varying x1 we get
that the U1 has constant curvature K1, and analogously U0 has constant curvature
K0. In particular U0 × U1 is conformally flat, since U0 and U1 have constant and
opposite curvatures. Therefore the set of points x ∈ M0 × M1 where there are
planes V 2i ⊂ TxiMi with K0 +K1 6= 0 is open and dense. Thus Theorem A follows
directly from Theorem 2 and the following proposition.
Proposition 3. Let f : Mn → Rn+1 be an conformal immersion of a Riemannian
product Mn = Mn00 ×Mn11 , with n1, n2 ≥ 2. If there are planes V 20 ⊂ Tx0M0 and
V 21 ⊂ Tx1M1 such that K0+K1 6= 0, where Ki is the sectional curvature of Vi, then
αf is adapted to the product net of Mn at x = (x0, x1).
Proof. We first prove the result when n0 = n1 = 2. At x ∈ Mn, take an orthonor-
mal basis e0, e1, e2, e3 of TxM such that span{e2i, e2i+1} = V 2i = TxiMi at xi ∈Mi
for 0 ≤ i ≤ 1. Let ω0, ω1, ω2, ω3 denote the dual basis and Ki the sectional curva-
ture of Mnii at xi, 0 ≤ i ≤ 1, and V 4 = TxM4. By the hypothesis we have that
K0 +K1 6= 0.
Let B0, B1 : V
4 × V 4 → R be the symmetric bilinear forms defined by
B0 =
K0
2
(
ω0 ⊗ ω0 + ω1 ⊗ ω1 − ω2 ⊗ ω2 − ω3 ⊗ ω3) ;
B1 =
{√−(K0 +K1) (ω2 ⊗ ω2 + ω3 ⊗ ω3) , if K0 +K1 < 0,√
K0 +K1
(
ω2 ⊗ ω2 − ω3 ⊗ ω3) , if K0 +K1 > 0.
Let F : Mn → Vn+2 ⊂ Ln+3 be the light-cone representative of f (briefly dis-
cussed in Section 1.3), and let αF be its second fundamental form, given by (2).
Consider W 3,1 = T⊥F M ⊕ R1, and the bilinear form T : V 4 × V 4 → W 3,1 given by
T (X,Y ) =
(
αF (X,Y ) +B0(X,Y )F
)⊕B1(X,Y ).
Since 〈T (X,Y ), F 〉 = −〈X,Y 〉 for all X,Y ∈ V 4, the nullity of T is trivial, that
is, N (T ) = {0}. It is easy to check that T is flat, we only need to verify (1) for
elements in the basis {e0, e1, e2, e3}.
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The goal is to prove that T is adapted to the product net of Mn and by con-
struction implies that αF is also adapted, and as observed in Section 1.3 it follows
that αf will be also adapted.
Suppose that S(T ) is nondegenerated, then Corollary 2 an Theorem 2 in [10]
there exists a basis {X0, X1, X2, X3} of V 4 that diagonalizes T . We can easily
check that the nulity of B1 is spanned by a subset of this basis. Since this basis is
orthogonal by 〈T (Xi, Xj), F 〉 = −〈Xi, Xj〉, for 0 ≤ i, j ≤ 3, and
V 20 = N (B1), V 21 = V 20 ⊥,
it follows that V 21 is also spanned by a subset of this basis. Hence, we can arrange
that X2i, X2i+1 ∈ V 2i for 0 ≤ i ≤ 1, and we conclude the proposition in this case.
Let us assume now that S(T ) is degenerated, that is, S(T ) ∩ S(T )⊥ = span{ν}
for some ν 6= 0 ∈ T⊥F M ⊕ R. Since F /∈ S(T )⊥, the vectors {ν, F} are linearly
independent and by definition ‖ν‖ = ‖F‖ = 0. Therefore we can assume that
〈ν, F 〉 = −1. Let T ′ : V 4 × V 4 →W 3,1 be the flat bilinear form given by
T ′ = T − 〈·, ·〉 ν,
note that S(T ′) is Riemannian by construction and dimN (T ′) ≥ 2 by Corollary 1
in [10]. Let ν = νF ⊕a be the decomposition in T⊥F M ⊕R. Observe that the nullity
of B1 − 〈·, ·〉 a is a subset of V 21 if a 6= 0, and a subset of V 20 if a = 0. In particular,
N (T ′) = V 2i for some i ∈ {0, 1} and this implies that T is adapted to the product
net of Mn and the proposition follows.
To treat the general case, choose orthonormal vectors e0, e1, e2, e3 ∈ TxM such
that e2i, e2i+1 span a plane V
2
i ⊂ TxiMi and K0 + K1 6= 0, where Ki is the
curvature of the planes V 2i at xi ∈ Mnii . So, by the previous arguments we have
that αF |V0×V1 := αF |(V0×V1)×(V0×V1) is adapted. Let vi ∈ Vi(xi) ⊂ TxiMi, define
V 2i (vi) as the plane spanned by {e2i + ǫvi, e2i+1}, where ǫ ∈ R is small enough such
thatKV 2
0
(v0)+K1 6= 0,K0+KV 21 (v1) 6= 0 andKV 20 (v0)+KV 21 (v1) 6= 0. We can now use
the same argument as before for the pairs of planes
{
V 20 (v0), V1
}
,
{
V0, V
2
1 (v1)
}
and
{V 20 (v0), V 21 (v1)} at x ∈ Mn. This implies that αFV v0
0
×V1
, αF
V0×V
v1
1
and αF
V
v0
0
×V
v1
1
are adapted in their respective domains and, in particular, αF (v0, v1) = 0. The
proposition follows by the fact that vi was arbitrary for 0 ≤ i ≤ 1. 
To prove Theorem B we will need an algebraic proposition as well. The following
proposition is very similar to Proposition 3, the difference is that the additional
hypothesis is not an open property. Therefore, we can not make an perturbation
argument directly as in the above proposition.
Proposition 4. Let f : Mn → Rn+k be a conformal immersion of a Riemannian
productMn =
∏k
i=0 M
ni
i , with ni ≥ 2 for all 0 ≤ i ≤ k. IfMn00 admits a plane with
vanishing sectional curvature at x0 and each M
ni
i is not flat at xi, for 1 ≤ i ≤ k,
then the second fundamental form of f is adapted to the product net of Mn at
x = (x0, · · · , xk).
Proof. We first prove the result when ni = 2 for 0 ≤ i ≤ k. At x ∈ Mn, take an
orthonormal basis e0, · · · , e2k+1 of TxM such that span{e2i, e2i+1} = V 2i = TxiMi,
0 ≤ i ≤ k. Let ω0, · · · , ω2i+1 denote the dual basis and Ki the sectional curvature
of Mnii at xi, 0 ≤ i ≤ k, and V 2k+2 = TxM . Observe that K0 = 0 and Ki 6= 0 for
1 ≤ i ≤ k.
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Let Bi : V
2k+2 × V 2k+2 → R be the symmetric bilinear form defined by
Bi =
{√−Ki (ω2i ⊗ ω2i + ω2i+1 ⊗ ω2i+1) , if Ki < 0;√
Ki
(
ω2i ⊗ ω2i − ω2i+1 ⊗ ω2i+1) , if Ki > 0.
Let F : Mn → Vn+k+1 ⊂ Ln+k+2 be the light-cone representative of f (briefly
discussed in Section 1.3), and let αF be the second fundamental form given by (2).
ConsiderW 2k+1,1 = T⊥F M ⊕Rk, B = (B1, · · · , Bk) : V 2k+2×V 2k+2 → Rk, and the
bilinear form
(3) T = αF ⊕B : V 2k+2 × V 2k+2 −→W 2k+1,1.
It is a straightforward calculation to check that (1) holds for T for the basis
{e0, · · · , e2k+1}, that is, T is flat. It follows from 〈T (X,Y ), F 〉 = −〈X,Y 〉, for
all X,Y ∈ V 2k+2, that N (T ) = {0}.
As in Proposition 3, the goal is to prove that T is adapted to the product net of
Mn and by construction it will follow that αF and αf are also adapted.
Suppose that S(T ) is nondegenerated. Thus, W 2k+1,1 = S(T ) by Corollary 2 in
[10], otherwise N (T ) 6= {0}. By Theorem 2 in [10] there is a basis {X0, · · · , X2k+1}
of V 2k+2 such that
T (Xi, Xj) = 0, for all i 6= j.
In particular, B(Xi, Xj) = 0, for all i 6= j. Therefore it is easy to check that the
nullity subspace of each Bi, 1 ≤ i ≤ k, is spanned by a subset of this basis. Since
V 20 =
⋂k
j=1 N (Bj), V 20 is also spanned by a subset of this basis. Observe that the
basis is orthogonal by 〈T (Xi, Xj), F 〉 = −〈Xi, Xj〉. Thus, V 20 ⊥ is also spanned by
a subset of this basis. Since
V 2i =


k⋂
j=1,
j 6=i
N (Bj)

 ∩ V 20 ⊥, for all 1 ≤ i ≤ k,
it follows that V 2i is spanned by a subset of this basis. Changing the order of
the vectors we can assume that V 2i = span{X2i, X2i+1} for 0 ≤ i ≤ k and the
proposition follows in the nondegenerated case.
Suppose now that S(T ) is degenerated, that is, S(T )⋂S(T )⊥ = span{ν} for
some ν 6= 0 and ‖ν‖ = 0. Since F /∈ S(T )⊥, the vectors {ν, F} are linearly
independent and we can assume that 〈ν, F 〉 = −1. Consider the flat bilinear map
(4) T ′ = T − 〈·, ·〉 ν,
so S(T ′) ⊂ span{ν, F}⊥ is Riemannian by construction. Using Corollary 1 in [10]
it follows that
(5) dimN (T ′) ≥ 2k + 2− dimS(T ′) ≥ 2.
Consider now the decomposition ν = νF ⊕ v in W 2k+1,1 = TFMk+1,1 ⊕ Rk, where
v = (v1, · · · , vk), and the bilinear forms B′i = Bi − 〈·, ·〉 vi. Thus, N (B′i) ⊂ V 2i if
vi 6= 0 and B′i = Bi if vi = 0. Since N (T ′) ⊂
⋂k
j=1 N (B′j), it follows from (5) that
N (T ′) = V 2j0 for some j0 ∈ {0, 1, · · · , k}. Observe that if vi = 0 for all 1 ≤ i ≤ k,
then
⋂k
j=1 N (B′j) = V 20 . Using similar arguments to the nondegenerated case, it
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follows that T ′|V 2
j0
⊥×V 2
j0
⊥ is adapted. In short, we have the following
T ′(Y, Z) = T (Y, Z), for all Y ∈ V 2i , Z ∈ V 2i ⊥ and for all i,
T (X,Z) = 〈X,Z〉 ν, for all X ∈ V 2j0 , Z ∈ V 2k+2,
and, in particular, T is adapted and the proposition follows.
Note that in both cases, nondegenerated and degenerated, we have that
(6) T (X0, X1) = 〈X0, X1〉 ν,
for some basis {X0, X1} ⊂ V 20 , where ‖ν‖ = 0 (ν = 0 in the nondegerated case).
Using Gauss equation and (6), we also have the following
(7)
〈
αF (X0, X0), α
F (X1, X1)
〉
=
∥∥αF (X0, X1)∥∥2 = 0.
To treat the general case, choose orthogonal vectors e2, · · · , e2k+1 ∈ TxM such
that e2j , e2j+1 span a plane V
2
j ⊂ TxjMj with nonvanishing sectional curvature, for
all 1 ≤ j ≤ k. We can assume that
(8)
∥∥αF (e2j , e2j)∥∥ 6= 0 or 〈αF (e2j , e2j), αF (e2j+1, e2j+1)〉 6= 0,
for all 1 ≤ j ≤ k, otherwise the curvature of V 2j would be 0. Let e0, e1 ∈ Tx0M0
be vectors spanning a plane V 20 ⊂ Tx0M0 with vanishing sectional curvature and
satisfying (7). We can choose such basis since αF |V×V , where V = V0 × · · · × Vk,
will be adapted by the previous arguments. More than that, we can also prove
that αF |
V×V
is adapted, where V = V0 × TM1 × · · · × TMk, using a perturbation
argument, as in Proposition 3, for the planes V 2i , for 1 ≤ i ≤ k.
Using Gauss equation and the fact that αF |
V×V
is adapted, it follows that〈
αF (e2l,2l), α
F (e2j , e2j)
〉
= 0 for j 6= l, 0 ≤ j, l ≤ k,
and from (8) it follows that the vectors αF (e2j , e2j) are linear independent.
Let W0 = span
{
αF (e2j , e2j) : 0 ≤ j ≤ k
}
, thus W⊥0 = span
{
αF (e1, e1)
}
, by (7).
For 1 ≤ j ≤ k, it is a straightforward calculation to show that{
αF (e2i, e2i)
}⊥
0≤i≤k,
i6=j
= span
{
αF (e1, e1), α
F (e2j , e2j)
}
and it follows that αF (e2j+1, e2j+1), α
F (e2j , e2j+1) ∈ span
{
αF (e1, e1), α
F (e2j , e2j)
}
,
1 ≤ j ≤ k. Thus, rotating both vectors e2j , e2j+1, we can assume that αF (e2j , e2j+1)
and αF (e1, e1) are parallel. Thus, it follows that α
F (e2j , e2j+1) = 0, 1 ≤ j ≤ k,
otherwise
〈
αF (e2j , e2j+1), F
〉 6= 0.
Analogously, we also have the (k + 1)-dimensional subspace
W1 = span
{
αF (e2j+1, e2j+1) : 0 ≤ j ≤ k
}
such that W⊥1 = span
{
αF (e0, e0)
}
.
We already know that αF (X,Y ) = 0 if X ∈ TxiMi and Y ∈ TMj(x) for 1 ≤
i, j ≤ k, and i 6= j. Let X ∈ Tx0M0 and l 6= 0, then Gauss equation gives〈
αF (X, e2l), α
F (e2s+1, e2s+1)
〉
= 0, for all 0 ≤ s ≤ k.
Thus αF (X, e2l) ∈ W⊥1 and, since
〈
αF (X, e2l), F
〉
= 0, it follows that αF (X, e2l) =
0. Let Y ∈ TMj(x), 1 ≤ j ≤ k, then the Gauss equation gives〈
αF (X,Y ), αF (e2l, e2l)
〉
= 0, for all 0 ≤ l ≤ k,
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thus αF (X,Y ) ∈ W⊥0 . Since
〈
αF (X,Y ), F
〉
= 0, it follows that αF (X,Y ) = 0.
In particular, αF and αf are adapted to the product net of Mn at x, and the
proposition follows. 
3. Concluding remarks
One way to get a codimension restriction for a conformal immersion it is using
the flat bilinear form T given by (3). In deed, let f : Mn =
∏k
i=0 M
ni
i → Rn+p be a
conformal immersion, where n =
∑k
i=0 ni and ni ≥ 2 for 0 ≤ i ≤ k. Suppose that f
satisfies the hypothesis of Proposition 4, but without any restriction over Mn00 . In
the proof of Proposition 4, instead of taking a plane in the factor Mn00 , choose an
arbitrary direction e0 ∈ Tx0M0 and denote the span of {e0} by V 10 . We can define
a flat bilinear form T : V 10 ×V 21 × · · ·×V 2k → (T⊥F M)p+1,1⊕Rk identical to (3) and
we will end in one of the following cases:
(i) When S(T ) is nondegenerated, it follows from Corollary 2 in [10] that
dimN (T ) = 0 ≥ 2k+1− (p+2+ k) = k− 1− p. In other words, p ≥ k− 1;
(ii) When S(T ) is degenerated, we can define the flat bilinear form T ′ : V 10 ×
V 21 × · · · × V 2k → W p,0 ⊕ Rk ⊂ (TFM)p+1,1 ⊕ Rk as in (4). It will follow
that N (T ′) ⊂ Vj for some 0 ≤ j ≤ k. Consequently, p ≥ k− 1 by Corollary
2 in [10].
In other words p ≥ k − 1, and this estimate is sharp as can be seen in the trivial
example:
Example. For each 1 ≤ i ≤ k, let fi : Snici →֒ Rni+1 be the canonical isometric
immersion and let Θ: Hn0−c × Sn−n0+k−1c → Rn+k−1 be a conformal representation
of Rn+k−1, where n =
∑k
i=0 ni and
∑k
i=1
1
c2
i
= 1
c2
. Then f = Θ ◦ (Id × f˜) : Hn0c ×∏k
i=1 S
ni
i → Rn+k−1 is a conformal immersion in codimension k − 1, where Id is
the identity of Hn0−c and f˜ = f1 × · · · × fk :
∏k
i=1 S
ni
ci
→ Sn−n0+k−1c ⊂
∏k
i=1 R
ni+1
is the natural extrinsic product.
Moreover, using the flat bilinear form described in this section in the proof of
Proposition 4 it will follow that the immersion is adapted in the minimal codimen-
sion. Thus, by Theorem 2 the trivial example is essentially the only one in this
codimension, since the codimension is not big enough to the immersion be as in the
case (i) in Theorem 2. More precisely, we have the following:
Theorem C. Let f : Mn → Rn+k−1 be a conformal immersion of a Riemannian
product manifold Mn =
∏k
i=0 M
ni
i , where n =
∑k
i=1 ni and ni ≥ 2 for all 0 ≤
i ≤ k. If the subset of points of Mnii at which Mi is flat has empty interior, for
1 ≤ i ≤ k, then, after possibly relabeling factors, there are isometric immersions
f0 : M
n0
0 → Hn0−c and fi : Mnii → Snici , 1 ≤ i ≤ k, such that
∑k
i=1
1
c2
i
= 1
c2
and f =
Θ ◦ (f0 × f˜), where Θ: Hn0−c × Sn−n0+k−1c → Rn+k−1 is a conformal representation
and f˜ = f1× · · ·× fk :
∏k
i=1 M
ni
i →
∏k
i=1 S
ni
ci
⊂ Sn−n0+k−1c is an extrinsic product.
To conclude this work, we want to make a few remarks. We believe that the
additional hypothesis of Theorem B is not necessary. And without this assumption,
the authors expect an similar classification to Theorem 14 in [5]. In other words,
that one of the following holds:
(i) f will be adapted and the same conclusion of Theorem B holds;
CONFORMAL IMMERSION OF RIEMANNIAN PRODUCTS IN LOW CODIMENSION 9
(ii) f will be a conformal composition, that is, f = h◦g where g :∏ki=0 Mnii →
Rn+k−1 an extrinsic product like in Theorem C and h : Rn+k−1 → Rn+k is
a conformal immersion.
Since the techniques used in this work are algebraic, we make the assumption
over the curvature in Theorem B to exclude the second situation above. In order
to improve our results to a classification will be necessary some information about
the normal connection.
One of the main inspirations of this work was the following conjecture of Moore
that do not receive proper attention in the opinion of the authors.
Conjecture (Moore [9]). If Mn11 (resp. M
n2
2 ) is a Riemannian manifold which
can be locally isometrically immersed in Rn1+p1 (resp. Rn2+p2) but in no lower-
dimensional Euclidean space, then every isometric immersion f : Mn11 × Mn22 →
Rn1+n2+p1+p2 is an extrinsic product.
This work also suggests that a similar conjecture remains true in the conformal
realm.
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